Recently [Phys. Rev. D 96, 064013(2017)], it has been shown how the displacement and velocity memory effects can be analysed by studying geodesics in the exact plane gravitational wave line element. In our work here, we provide simple and largely analytical examples of such effects, using two different pulse profiles in the exact plane gravitational wave line element: (a) a square pulse and (b) a sech-squared pulse. We explicitly demonstrate the displacement and velocity memory effects for timelike geodesics, for each of the above-mentioned profiles. Further, using the same pulse profiles, we obtain the shear and expansion for timelike geodesic congruences in this line element, by solving the Raychaudhuri equations. The role of shear in causing a focusing of an initially parallel congruence, after the pulse has left, is noted. Our results suggest that memory effects may indeed be understood through a study of the kinematics of geodesic congruences.
I. INTRODUCTION
The memory effect in gravitational wave physics has been a topic of active research interest in recent times [1, 2] . Though yet to be observed in gravitational wave detectors there have been proposals [2, 3] about how it can be seen in advanced versions of the present-day detectors. The basic physics of this effect can be simply stated as a net displacement (or a residual velocity) noted in freely falling detectors, due to the passage of a pulse of gravitational radiation. This leads to a permanent change in the Minkowski spacetimes that exist before the arrival of the pulse and after its departure. The change is related to diffeomorphisms of spacetime taking one asymptotically flat spacetime to another, which do not tend to the identity at infinity. Thus, asymptotically flat spacetimes before the arrival of the pulse and after its departure are inequivalent and related via BMS (Bondi-Metzner-Sachs) transformations (eg. super-translations) [4, 5] . The first report of such an effect appears in the context of gravitational collapse in globular clusters as noted by Zel'dovich and Polnarev [6] . Subsequently, Braginsky and Grishchuk, [7] while working within linearized gravity, defined the memory effect to be the difference between the quadrupole moments of the source at initial and final times. Much later, Christodoulou [8] showed that there is a nonlinear contribution to the effect and argued that this is due to the effective stress energy of the gravitational waves transported to null infinity. Thorne [9] had argued that the non-linear contribution to Christodoulou memory could be attributed to gravitons sourced by a gravitational wave burst. Following this idea, Bieri et al. [10, 11] have shown that there is a contribution to the memory from other particles having zero rest mass and hence distinguished between the linear and non-linear contributions as ordinary and null memory. The stress energy travels to null infinity in the latter case only. Apart from four-dimensional asymptoticallly flat spacetimes, there exists work on the memory effect in other spacetimes as well as in higher dimensions [10] [11] [12] . Extensions of this effect have also been studied in modified gravity and massive gravity theories [13] . Very recently, Zhang et al. [14] [15] [16] have tried to arrive at the memory effect in the well-known exact plane gravitational wave spacetimes [17] [18] [19] . Apart from other analyses in their paper [14] , they studied geodesics in this geometry by assuming certain specific forms of the functions which appear in the line element. In particular, they chose a Gaussian pulse (and its derivatives) and numerically solved the geodesic equations to obtain some qualitative results on the displacement and velocity memory effects. The appearance of a net relative displacement and/or a net relative velocity caused by the passage of a pulse are termed as the displacement and velocity memory effects. In our work here, we choose simple pulse profiles like the square pulse and the sech-squared pulse for the free functions in the exact plane wave line element. Unlike the Gaussian pulse or its derivatives, for our choices of the profiles, quite a bit can be done by analytically solving the geodesic equations. In a recent paper [20] , Shore has looked at the square pulse briefly in an Aichelburg-Sexl impulsive gravitational wave line element, which is different from the spacetime we work with here. We explicitly demonstrate the occurence of the displacement and velocity memory effects for our choices of the pulse profiles, largely through our analytical results. In addition, we also look at a timelike geodesic congruence and study the behaviour of the expansion, shear and rotation as influenced by the presence of a pulse. The evolution of the congruences are obtained in the exact or numerically obtained expressions for the kinematic variables. We are able to demonstrate the role of shear in inducing focusing and causing a permanent change in the expansion after the departure of the pulse. In Section II, we first look at the plane wave spacetimes in different coordinates and study the geodesics for the two different pulse profiles mentioned above. This leads us to quantify the different memory effects. Section III deals with the evolution of the expansion, shear and rotation of geodesic congruences given by the Raychaudhuri equations and its solutions. Finally, Section IV is a summary of our results with some comments on future work.
II. GEODESICS IN PLANE WAVE SPACETIMES
A. The plane wave spacetimes
The exact plane wave spacetimes are a class among general pp-wave spacetimes which solve the vacuum Einstein field equations of General Relativity [18, 19, 21] . The metric components are the same at every point on each wave surface. There are two standard coordinate systems in which the line element may be written. These are stated below. The line element in B coordinates is given by the form:
The gravitational field is encoded in the term K ij (u). The term K ij (u)x i x j satisfies the wave equation (where the box operator is written in Brinkmann coordinates)
K ij (u) is a tracefree, 2 × 2 matrix having two independent components which are known as the polarizations of the plane gravitational wave (+,×). We have,
The polarizations A + (u) (plus), A × (u) (cross) are functions of retarded time variable u.
(b) Baldwin-Jeffrey-Rosen (BJR) coordinates:
The line element in BJR coordinates is given by the form [19] :
The function a ij (u) encodes the gravitational field and the 2 × 2 matrix is always positive. If a ij = 2×2 the metric is simply Minkowskian. The memory effect causes a change in the value of a ij (u) before and after the pulse.The coordinate transformation taking B to BJR coordinates [14, 15] gives a relation between K ij and a ij through a Sturm-Liouville equation. The BJR coordinate suffers from coordinate singularities [22, 23] and hence in our following work we will use the Brinkmann coordinates.
The polarizations A + (u) and A × (u) in B coordinates are to be specified and we have the freedom to study various functional forms. We will mostly study pulse profiles and look into the consequences for geodesics. As stated before, we will illustrate how a choice of different yet simple profiles lead to exactly integrable scenarios which can help us in our understanding of the memory effects.
B. The geodesic equations
The geodesic equations in Brinkmann coordinates having both non-zero polarizations are given as:
Notice that we have used u as an affine parameter. This is easily checked by writing down the geodesic equation for the V coordinate. The general form for V (u) andV (u) is obtained by performing some algebra on Eq. (7) and from the geodesic Lagrangian (derived from the metric) in Eq. (1) .
The solution for V (u) contains the integration constant C 1 and the k is 0 or 1 for null or timelike geodesics, respectively. Thus, for any pulse of a given polarization, if Eqs. (5) and (6) for x(u) and y(u) are analytically solvable, then V (u) also can be analytically obtained.
C. Square pulse for plus polarization
We will first consider the case where A + (u) = 0, A × (u) = 0 . The geodesic equations for the plus pulse are given as : 
Since the pulse in Fig. (1) involves step functions, its derivative involves delta functions as given in Eqs. (13) and (14). Eq. (12) has a Dirac delta function and hence, the first derivative of V (u) is discontinuous. Solving Eq. (10) we get :
Solving Eq. (11) gives us:
Finally, by substituting the values of x(u) and y(u) from Eqs. (15) and (16) respectively in Eq. (9), we can obtain V (u) as:
The solutions for x(u) and y(u) are dependent on the initial positions of the test particles. The initial velocities are taken to be equal to zero along both the axes. Further calculations are done using k = 1 i.e. for timelike geodesics.
The displacement memory effect is seen in the plots in Fig. (2) below:
Displacement memory effect along x,y,V directions for the first(orange) and second(blue) geodesics respectively.
Figs.(2a) and (2b) assume initial geodesics at x = 1, 2 and y = 1, 2 with a constant separation between them. After encountering the square pulse in the region u ǫ [−0.5, 0.5] (green vertical lines shown in the plots) the trajectories suffer a constant deviation and the separation changes forever. This is termed the displacement memory. For the plot in the V direction in Fig.(2c) the geodesics chosen have x = 2, y = 1(orange) and x = 1, y = 2(blue) respectively. The non-differentiable nature of V (u) arises on account of the shock wave nature of the square pulse. We calculate the velocities of the geodesics by differentiating the corresponding Eqs. (15), (16) and (17) .
The strict inequality in Eq. (20) comes from the fact that since the double derivative of the pulse has a delta function, the velocity field along the V direction undergoes a sharp discontinuity. HenceV (u) is not continuous at u = −a, a. The plots are shown below.
Velocity memory effect along x,y,V directions.
The velocity memory effect plots in Figs.(3a) , (3b) and (3c) give us a precise idea how radiation can cause kinematics.
Initially each geodesic has zero velocity but after the pulse has passed, there is a finite velocity. The memory takes some finite time to build up in each case. A constant velocity memory is noted in the case of the square pulse.
D. Square pulse for cross polarization
We now move on to the case with a cross polarization, i.e. A × (u) = 0 , A + (u) = 0. The geodesic equations can easily be written down by noting the above condition in Eqs. (5), (6) and (7). The pulse profile used is the same. The solutions of the geodesic equations are given by the following expressions.
The solutions of Eqs. (21), (22) and (23) (as for the plus polarization) indeed depend on the initial positions and velocities (which we have assumed to be zero) of the timelike geodesics. The solution for x (and also, y) depend on The profiles of the geodesics in Figs. (4a),(4b) and (4c), after the passage of this square pulse has an increasing separation showing displacement memory. The velocity profiles for the geodesics turn out to be:
The velocity for V (u) has a derivative discontinuity. Hence, the strong inequality is used in the derivative expressions of V (u) in Eq.(26). The geodesics for the plus-polarization case intersected along the y direction (which leads to the formation of a benign caustic in the expansion θ, as we show later) as shown in Figs.(2b) . However, the plots in Figs.(4a) and (4b) do not indicate any intersection as such. This happens because of the choice of coordinates. The proper coordinates in which the intersection is manifestly 'seen', are the 'normal' coordinates i.e. x + y and x − y. (Later we will see how this is related to σ × , which appears in the evolution equations for the cross-polarization represented by off-diagonal terms (Eq.(58) in the gradient of the velocity). The displacement observed along the two 'normal' coordinates are shown in the plots below. In Fig.(6b) , the intersection of geodesics along the x − y coordinate is clearly visible.
E. Sech-squared pulse for plus polarization
We now turn to a pulse profile which is smooth everywhere and given as (see Fig.(7) :
The geodesic equations with this choice of the pulse profile (27) for A + (u) are,
Solving the above two Eqs. (28) and (29) we obtain analytic results for x(u) and y(u). The solution for V (u) is found from Eq.(12).
In the Eq.(31) for x(u) the first function is a complete elliptic integral of the first kind and the second function is a Legendre function of the second kind. In Eq.(32) the functions are Legendre functions of first and second kinds respectively. (8) and (9) are, respectively, the evolution of geodesics for such a sech-squared pulse for the plus polarisation.
As for the square pulse case, we observe similar displacement and velocity memory effects here too. Finally, we turn to the sech-squared pulse for the ×-polarisation. In this case, the geodesic equations are not analytically solvable (atleast by us!) and hence we employ numerical methods (in Mathematica 10.0). The final results exhibit the displacement and velocity memory effects, as expected. we are able to demonstrate the displacement and velocity memory effects. Our approach has been largely analytical (except for one case where numerically obtained results are shown). We also take note of the fact that beyond the region where the pulse is active there is an eventual meeting/intersection of the trajectories.
We will now try to understand this effect using the kinematics of geodesic congruences.
III. EXPANSION, SHEAR AND ROTATION IN BRINKMANN COORDINATES FOR PLANE GRAVITATIONAL WAVES
The geodesic Lagrangian in Brinkmann coordinates, with u as the affine parameter, is given as.
It is clear that the last term in the R. H. S. of L is a total derivative and hence has no effect on equations of motion for the 'generalised' coordinates x and y. Eqs. (8) and (12) are basically identities. The system becomes two dimensional for the parameter u. The general formalism for obtaining the evolution of the kinematic variables in two dimensions (i.e. the Raychaudhuri equations) is available in [24] . The gradient of velocity (found by differentiation of x(u) and y(u) w.r.t u)can be written as a second rank tensor which can be decomposed into expansion(trace), shear (symmetric, traceless) and rotation(anti-symmetric).
The evolution equation for the gradient of velocity may be written as:
In Eqs. (35) and (36) the term f i denotes the acceleration per unit mass. Hence
The four kinematic variables {θ, σ + , σ × , ω} obey the evolution Eq.(36) which turn out to be:
The above equations are solved in each of case of interest here, by substituting the values of f x , f y from Eqs. (10) and (11) respectively.
A. Kinematic variables for square pulse in plus polarization
The results for the square pulse are fully analytical. The values of f x and f y in the three regions are as follows:
Eqs.
[ (37)- (40)] in the first (u ≤ −a) and third (u ≥ a) regions have zero value on their R. H. S. We assume initial values of all the kinematic variables to be zero. In the second region (−a < u < a) the equations become:
The last two equations can have σ × = 0 and ω = 0 as solutions in all three regions. Thus the set of four differential equations reduce to that of two coupled ordinary differential equations for θ and σ + .
Eq.(48) is multiplied with 2 on both sides and added/subtracted to/from Eq.(47) yielding a pair of uncoupled, first order, ordinary, differential equations:
Defining (θ + 2σ + ) = ξ and (θ − 2σ + ) = η and solving, we get,
Thus, θ and σ + can found from ξ and η. Thereafter, matching values at u = −a (which is zero for both variables) the value for C 1 , C 2 is obtained. In the same way, the solution for the region u ≥ a is obtained by matching at u = a. The final solutions for expansion and shear are: The plots in Figs.(13a) and (13b) have kinks at u = −0.5, 0.5 because of the nature of A + (u). The expansion θ develops a negativity as u enters the region where the pulse is non-zero. This acquired negativity drives it towards a focal point after the pulse has departed, i.e. beyond u = a. The appearance of the focal point is what we noted earlier as the intersection of the geodesics beyond u = a. Similarly, the initially zero shear acquires a positivity on entering the region where the pulse is active and non-zero. Subsequently, even after the departure of the pulse the shear keeps on increasing. Thus, there is a permanent change in the shear and expansion (after the pulse departs), which is in contrast to their zero value before the arrival of the pulse. Further, we note that θ → −∞ at u = a + A −1 0 cot[2aA 0 ], which depends on the width and height of the pulse.
B. Kinematic variables for square pulse in cross polarization
The results for the square pulse in cross polarization is largely similar to that of the plus polarization. The values of f x and f y in the three regions are as follows:
The Eqs.
[ (43)- (46)] in this case are also solved analytically and it turns out that here θ(u) and σ × (u) are the relevant variables. The corresponding equations that needs to be solved are:
Following the method adopted before, we obtain,
The plots here are similar to the case of plus polarization, with no major difference in the evolution of θ or σ × .
C. Kinematic variables for sech-squared pulse in plus and cross polarizations
Here, the pulse profile is a continuous function and hence the set of two coupled equations can be solved for the entire range of the affine parameter. We use Eqs. 
We solve the system of equations numerically in Mathematica 10. For the × pulse we note, as before, that we need to consider σ × . The final results for θ and σ × are qualitatively similar to those for the square pulse with × polarisation.
IV. CONCLUSIONS
In our article, we have first shown how the nature of the pulse profile (i.e. the chosen functional forms of A + (u) and/or A × (u)) influences geodesic evolution in the plane gravitational wave spacetime, thereby leading to the position and velocity memory effects. We have seen that if there is a derivative discontinuity in the pulse profile, it is inherited in the nature of V (u). In the case of the square pulse V (u) is a C 1 function of u whereas for a sech-squared pulse it is C ∞ . Further, we note that the displacement and velocity memory effects for the pulse profile with A + = 0 and A × = 0 have to be analyzed w.r.t the evolution of x(u), y(u). For A + = 0, A × = 0 we need to look at the evolution of x(u) + y(u) and x(u) − y(u). The displacement memory is monotonic, while velocity memory is constant after an initial growth in the wave-zone. The sandwich pulse profiles [17, 23] are chosen so that memory effect can be viewed distinctly. The Raychaudhuri equations are obtained and solved for the effective two dimensional (x, y) system analogous to a mechanical system with u acting like 'time' in the non-relativistic Lagrangian for an oscillator with a 'time' (u)-dependent frequency [14] . The equation for V (u) is redundant since its geodesic equation reduces to an identity. Following standard methods, the gradient of the velocity field of the geodesic congruence is written as a sum of the three kinematic variables: expansion, shear and rotation. We solve for their evolution and find that only θ and σ + (σ × ) may be non-zero for plus (cross) polarization for both types of pulse profiles. There is no rotation (ω) involved in the congruences chosen. The geodesic congruence admits a caustic as is true in any plane gravitational wave spacetime of fixed polarization [23] . This is proved here by noting that the expansion diverges to minus infinity. However, this is benign focusing largely induced by the appearance of the pulse. There is no real singularity in the spacetime (the invariant scalars are finite everywhere). The point of intersection of the geodesics (which coincides with the location in u where the expansion θ diverges to negative infinity) is thus a critical point and denotes the coordinate singularity of the metric in BJR coordinates [15] . Apart from noting the memory effect through geodesic evolution, we have seen that the kinematic variables like expansion and shear carry information about memory. It is important to note that the value of u where focusing happens (due to the growth of shear) after the pulse has departed, depends on the amplitude and the width of the pulse. A similar change in the nature of the expansion has also been noted in [25] where the background spacetime is that of an impulsive gravitational wave and a jump in the expansion occurs. A more complete and detailed treatment of the Raychaudhuri equations with both the + and × profiles simultaneously present can be an extension of our work. It will also be interesting to note if rotation (ω) has any role to play in controlling the eventual focusing of geodesics. We end by stating that a study of the kinematic evolution of geodesic congruences in relevant spacetimes of interest can surely throw more light on memory effects.
